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NON-NEGATIVE CURVATURE AND TORUS ACTIONS 


CHRISTINE ESCHER AND CATHERINE SEARLE 

Abstract. Let A4q be the class of closed, simply-connected, non-negatively curved 
Riemannian manifolds admitting an isometric, effective, almost maximal or maximal 
torus action. We prove that if M £ A4q, then M is equivariantly diffeomorphic to 
the free linear quotient of a product of spheres of dimensions greater than or equal to 
three. As an immediate consequence, we prove the Maximal Symmetry Rank Conjecture 
for all M E Adg- Finally, we show the Maximal Symmetry Rank Conjecture holds 
for dimensions less than or equal to nine without assuming the torus action is almost 
maximal or maximal. 


1. Introduction 

There are no known obstructions distinguishing closed, simply-connected, Riemannian 
manifolds of non-negative sectional curvature from those which admit a metric of positive 
curvature (cf. [65J, [57]). One approach to better understand both of these classes of 
manifolds has been the introduction of symmetries (cf. 23]) and an important first case 
to understand is that of maximal symmetry rank, where the symmetry rank of a manifold 
is defined as the rank of the isometry group of M, that is, symrk(M) = rk(Isom(M)). 
By work of Grove and Searle u 24], the positive curvature case is completely understood. 
More recently, Galaz-Garcfa and Searle [20] El] have obtained results for the non-negative 
curvature case, but only in low dimensions. Based on our results here, we reformulate and 
sharpen the conjecture for non-negative curvature (cf. [20)1. 

Maximal Symmetry Rank Conjecture. LetT k act isometrically and effectively on M n , 
a closed, simply-connected, non-negatively curved Riemannian manifold. Then 

(1) k < |2n/3j; 

(2) When k = [2n/3j, M is equivariantly diffeomorphic to 

Z = p[S 2ni+1 x J|S 2ni , with r = 2|_2n/3j - n, 

i<r i>r 

or the quotient of Z by a free linear action of a torus of rank less than or equal to 
2 n mod 3. 

As a first step towards proving the Maximal Symmetry Rank Conjecture in general, we 
give an equivariant diffeomorphism classification for the class of closed, simply-connected, 
non-negatively curved manifolds admitting an isometric torus action that is either maximal 
or almost maximal. We then obtain the Maximal Symmetry Rank Conjecture as a corollary 
for this class of manifolds. 

Theorem A. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold. Assume that the action is almost maximal or 
maximal. Then M is equivariantly diffeomorphic to the free linear quotient of Z, a product 
of spheres of dimensions greater than or equal to three and with n < dim(Z) <3n — 3k. 
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One defines a T k action on a smooth manifold, M n , to be maximal when 2k — n is 
equal to the dimension of the smallest orbit and almost maximal when 2k — n + 1 is equal 
to the dimension of the smallest orbit. In fact, we will show in Theorem |5.4| that on a 
closed, simply-connected, non-negatively curved Riemannian manifold an almost maximal 
T fc -action must actually be maximal, so we only need to prove Theorem A for the case 
when the T fe -action is maximal. Note that for a maximal action, k > |_7T. /2J. Theorem A 
combined with Theorem |5.4| then yields the following corollary. 

Corollary B. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold. Assume that the action is almost maximal or 
maximal. Then \ n/2\ < k < [2n/3j. 


It follows directly from Theorem A that if an action of rank |_2n/3j is maximal or almost 
maximal, then Part (2) of the Maximal Symmetry Rank Conjecture holds. Moreover, 
Lemma 2.2 from Ishida ;3Tj (Lemma 2.3 in this article) tells us that for a maximal torus 
action of a given rank, no higher rank torus can act effectively, so Part (1) of the Conjecture 
holds, as well. Hence, we obtain the following theorem. 


Theorem C. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold. Assume that the action is almost maximal or 
maximal for k = |_2n/3j. Then the Maximal Symmetry Rank Conjecture holds. 


In fact, the proof of Theorem C tells us that we may reformulate the Maximal Symmetry 
Rank Conjecture as follows. 

Maximal Symmetry Rank Conjecture. LetT k act isometrically and effectively on M n , 
a closed, simply-connected, non-negatively curved Riemannian manifold. Then the action 
is maximal for k = |_2n/3j. 

Recall that the free rank of a T k action is the dimension of the largest subtorus that can 
act almost freely. Observe that a rank k maximal action has free rank equal to 2k — n. Vice 
versa, when the free rank of the action is equal to 2k — n then the action is maximal. A 
similar statement is true for almost maximal actions. In particular, in Proposition |5.2| we 
show that the lower bound for the free rank of an isometric T fe -action, k > |_(ro + 1) /2J, on 
an Alexandrov space with a lower curvature bound is 2k — n. Since a maximal or almost 
maximal action is equivalent to an action with free rank equal to either 2k — n or 2k — n +1, 
we can reformulate Theorem A as follows: 


Theorem A'. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold. Suppose that the free rank of the action is 
less than or equal to 2k — n + 1. Then M is equivariantly diffeomorphic to the free linear 
quotient of Z, a product of spheres of dimensions greater than or equal to three and with 
n < dim(Z) <3n — 3 k. 

Our results also relate to the class of rationally elliptic manifolds. Recall that a rationally 
elliptic space is defined as follows. 

Definition 1.1 (Rationally Elliptic). A simply connected topological space X is called 
rationally elliptic if dimqH* ( X; Q) < oo and dim^fK^X) (g) Q) < oo. 

The following conjecture for non-negatively curved manifolds was made by Bott (see, for 
example, Grove [25]). 

Bott Conjecture. A closed, simply-connected, non-negatively curved manifold is rationally 
elliptic. 
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Galaz-Garcia, Kerin and Radeschi [18] recently showed that a simply-connected, smooth, 
rationally elliptic manifold, M n , satisfies Part (1) of the Maximal Symmetry Rank Conjec¬ 
ture and found an upper bound of \n/2>\ for the free rank of the action. In particular, the 
upper bound, in combination with the lower bound found in Proposition |5.2[ implies that 
the action is maximal or almost maximal when k = [2n/3j. As mentioned above, Theo¬ 
rem |5.4| tells us that for this class of manifolds an almost maximal action must actually be 
maximal. This allows us to reformulate Theorem C as follows: 

Theorem C'. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold that is rationally elliptic. Then the Maximal 
Symmetry Rank Conjecture holds. 

Observe that if the Bott Conjecture were true, then we would no longer need to assume 
rational ellipticity in Theorem C 1 nor that the action is maximal or almost maximal in 
Corollary B. That is, the Maximal Symmetry Rank Conjecture would hold for all mani¬ 
folds, M", that are simply-connected, closed, non-negatively curved and admit an isometric 
T k action. Moreover, Theorem A would then strengthen the rational homotopy type classi¬ 
fication obtained in Galaz-Garcia, Kerin, Radeschi and Wiemeler m for rationally elliptic 
manifolds admitting a maximal torus action to an equivariant diffeomorphism classification 
with the rationally elliptic hypothesis replaced by a hypothesis of non-negative curvature. 

As closed, simply-connected, non-negatively curved manifolds of maximal symmetry rank 
have been classified up to diffeomorphism in dimensions less than or equal to 6 in Galaz- 
Garcia and Searle |20| and up to equivariant diffeomorphism in dimensions 4 through 6 
by Galaz-Garcia and Kerin El , it is of interest to extend this classification to higher 
dimensions. The next set of dimensions to consider is then 7 through 9. In order to apply 
Theorem A to obtain such a classification, we must first prove the following proposition. 

Proposition D. Let M n be a closed, simply-connected, non-negatively curved Riemannian 
manifold admitting an isometric, effective cohomogeneity three torus action. If n >7, then 
the action is maximal. 

Observation. The same result holds trivially without any curvature assumptions for a 
cohomogeneity one torus action on a closed, simply-connected manifold of dimension n > 1. 
It also holds for a cohomogeneity two torus action on a closed, simply-connected n-manifold, 
for n > 4 (see Theorem 1.3 in Kim, McGavran and Pak |33j ). 

Combining Theorem C with Proposition D we obtain the following theorem which gives us 
a classification up to equivariant diffeomorphism of closed, simply-connected, non-negatively 
curved Riemannian manifolds of dimensions 7, 8 and 9, admitting an isometric cohomogene¬ 
ity three torus action, without any assumption on the maximality of the action. 

Theorem E. Let M n , n = 7,8,9 be a closed, simply-connected, non-negatively curved 
manifold admitting an effective, isometric torus action. Then the Maximal Symmetry Rank 
Conjecture holds. 

As an immediate consequence of Corollary B and Proposition D, we confirm Part (1) of 
the Maximal Symmetry Rank Conjecture for dimensions less than or equal to 12. 

Corollary F. Let M n , n < 12, be a closed, simply-connected, non-negatively curved Rie¬ 
mannian manifold admitting an effective, isometric torus action. Then Part (1) of the 
Maximal Symmetry Rank Conjecture holds. 

One notes that in order to extend these classification results to higher dimensions, it 
suffices to show that an action of maximal symmetry rank must be either almost maximal 
or maximal. One possible course of action would be to establish the existence of an upper 
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bound on the free rank of the action that is strictly less than the rank of the action; that is, 
show that some circle has non-empty fixed point set. However, to date, there are no known 
obstructions for a cohomogeneity m torus action, m > 4, on an n-dimensional closed, 
simply-connected, non-negatively curved Riemannian manifold with n > 10 to be free (see 

m, d). 

As mentioned above, in [20] and m the classification up to equivariant diffeomorphism 
of closed, simply-connected, non-negatively curved Riemannian manifold of maximal sym¬ 
metry rank in dimensions less than or equal to 6 was obtained. Combining Theorem C with 
the above Observation, we re-obtain the Maximal Symmetry Rank Conjecture in dimen¬ 
sions less than or equal to 6, giving us a significantly streamlined proof of the result (cf. 

ED], [13). 

Theorem G. Let M n , 2 < n < 6 be a closed, simply-connected, non-negatively curved 
manifold admitting an effective, isometric torus action. Then the Maximal Symmetry Rank 
Conjecture holds. 

It is also of interest to classify closed, simply-connected, non-negatively curved Rie¬ 
mannian n-dimensional manifolds of almost maximal symmetry rank, that is, admitting a 
T k isometric, effective action of rank k = |_2n/3j — 1. In a separate article [15], the authors 
will use Theorem A in combination with results about T 3 actions with only circle isotropy 
to obtain a classification of 6-dimensional, closed, simply-connected, non-negatively curved 
manifolds of almost maximal symmetry rank, thereby extending the almost maximal sym¬ 
metry rank classification work of Kleiner [311 and Searle and Yang [5§l in dimension 4 and 
work of Galaz-Garcfa and Searle m in dimension 5. We expect that Theorem A should 
admit a number of similar applications and should be particularly useful for any classifi¬ 
cation of closed, simply-connected, non-negatively curved manifolds of higher dimension of 
almost maximal symmetry rank. 

1.1. History. We now give a brief outline of the history of the setting of this work. In a 
series of papers by Raymond [53] and Orlik and Raymond [54] [55] j5B], the general study 
of manifolds with continuous abelian symmetries was initiated from a purely topological 
perspective with the study of circle and torus actions on 3-manifolds and 4-manifolds, 
respectively. A key ingredient in the classification obtained was the Equivariant Cross- 
Sectioning Theorem, which permitted the classification of the manifold up to equivariant 
homeomorphism via a classification of the 2-dimensional weighted orbit spaces. Subsequent 
work by Pak [46], Kim, McGavran and Pak [33], Oh [141145] . McGavran [33, and McGavran 
and Oh l.'ibl generalized the work of Orlik and Raymond to cohomogeneity one, two and three 
torus actions on higher dimensional manifolds and involved generalizing the Equivariant 
Cross-Sectioning Theorem for G-manifolds with orbit spaces of dimension 1, 2 and 3. More 
recently, the work of Raymond and Orlik and Raymond has been generalized to Alexandrov 
spaces of dimension 3 by Nunez-Zimbron [43] . 

From a more geometric perspective, Hsiang and Kleiner [35] showed that in the presence 
of an isometric circle action, a closed, simply-connected, positively curved 4-manifold must 
be homeomorphic to S' 4 or CP 2 . Their work relied heavily on the existence of fixed point 
sets of the circle action and the classification of 4-manifolds due to Freedman [14] • In 
particular, this result gives some insight into the Hopf conjecture: if S 2 x S 2 were to admit 
a metric of strictly positive curvature then its isometry group would be finite. 

The results of [35] were extended in 23 > where a diffeomorphism classification of pos¬ 
itively curved Riemannian manifolds with maximal symmetry rank was obtained. This 
work again relies on the existence of fixed point sets of isometric circle actions, but also 
uses techniques of Alexandrov geometry in the positive curvature setting. We note that the 
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maximal symmetry rank theorem was generalized to closed Alexandrov spaces of curvature 
greater than or equal to 1 by Harvey and Searle '2Si and we will make use of their result 
later. 

Rong m then showed that in the almost maximal symmetry rank case, that is, for 
k = |_(ri— 1)/2J, in dimension 5 the manifold must be homeomorphic to a sphere, which, with 
the proof of the Poincare conjecture, can be improved to diffeomorphism, and he found a 
number of topological restrictions in higher dimensions. Wilking |6Sl significantly improved 
these results, showing that an ro-dimensional Riemannian manifold with an isometric action 
of rank approximately n/4 is homeomorphic to a sphere or a quaternionic projective space or 
has the cohomology ring of a complex projective space. Fang and Rong m , using Wilking’s 
connectivity lemma [65] , were then able to show that in the almost maximal symmetry rank 
case the manifold must be homeomorphic to the sphere, the complex projective space or 
the quaternionic projective space. It should also be noted that recently Grove and Wilking 
[2S] improved the results of j32] to show that the 4-dimensional classification obtained is 
actually up to equivariant diffeomorphism. 

As mentioned previously, the results of [32] were extended to non-negative curvature 
independently by Kleiner [34] and Searle and Yang [58]. They showed that in the presence 
of an isometric circle action, the only closed, simply-connected, non-negatively curved Rie¬ 
mannian manifolds in addition to S’ 4 and CP 2 are S 2 x S 2 and CP 2 #±CP 2 . More recently, 
Galaz-Garcfa and Searle [20] extended the symmetry rank results to non-negative curvature 
in low dimensions, classifying closed, simply connected, non-negatively curved Riemannian 
manifolds of maximal symmetry rank up to diffeomorphism in dimension less than or equal 
to 6 and confirming Part (1) of the Maximal Symmetry Rank conjecture in dimensions less 
than or equal to 9 [212], as well as extending Rong’s results in dimension 5 to non-negative 
curvature (211 . 

We note that the classification of closed, simply connected, non-negatively curved Rie¬ 
mannian manifolds of maximal symmetry rank up to equivariant diffeomorphism in dimen¬ 
sions 2 and 3 is well-known and the equivariant classification in dimensions 4, 5 and 6 was 
obtained by Galaz-Garcfa and Kerin in na. so, as mentioned earlier, the Maximal Sym¬ 
metry Rank conjecture was already known to be true for dimensions less than or equal to 
6 . 

1.2. Organization. We have organized the paper in general so as to present the topological 
tools and results first, followed by their geometrical counterparts. In Section [2] we describe 
the topological and geometrical tools we will need to prove Theorem A, Corollary B and 
Proposition D. In Section [3] we prove a generalization of the Equivariant Cross-Sectioning 
Theorem of Orlik and Raymond and thereby obtain an Equivariant Classification Theorem. 
In Section [4] we generalize results on torus manifolds of non-negative curvature to the class 
of almost non-negatively curved torus manifolds with non-negatively curved quotient spaces. 
In Section [5] we find a general lower bound for the free rank of an action on an Alexandrov 
space with a lower curvature bound and also show that an almost maximal action is actually 
maximal in the presence of non-negative curvature. In Section [6] we prove Theorem A. In 
Section [7] we prove Corollary B and Proposition D. 
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2. Preliminaries 

In this section we will gather basic results and facts about transformation groups, torus 
actions, torus manifolds, torus orbifolds, as well as results concerning G-invariant manifolds 
of non-negative and almost non-negative sectional curvature. 

2.1. Transformation Groups. Let G be a compact Lie group acting on a smooth manifold 
M. We denote by G x = {g&G:gx = x} the isotropy group at x £ M and by G(x) = { gx : 

G/G x the orbit of x. Orbits will be principal , exceptional or singular , depending 
on the relative size of their isotropy subgroups; namely, principal orbits correspond to those 
orbits with the smallest possible isotropy subgroup, an orbit is called exceptional when 
its isotropy subgroup is a finite extension of the principal isotropy subgroup and singular 
when its isotropy subgroup is of strictly larger dimension than that of the principal isotropy 
subgroup. 

The ineffective kernel of the action is the subgroup K = G x ^mG x . We say that G acts 
effectively on M if K is trivial. The action is called almost effective if K is finite. The action 
is free if every isotropy group is trivial and almost free if every isotropy group is finite. As 
mentioned in the Introduction, the free rank of an action is the rank of the maximal subtorus 
that acts almost freely. In order to further distinguish between the case when the free rank 
corresponds to a free action and the case when it corresponds to an almost free action, we 
make the following definition. 

Definition 2.1 (Free Dimension). Suppose that the free rank of a T k -action is equal to 
r, then we say that the free dimension is equal to the dimension of the largest subtorus of 
T r that acts freely. 

We will sometimes denote the fixed point set M G = { x € M : gx = x, g £ G } of the 
G-action by Fix(M; G) and define its dimension as 

dim(Fix(M; G)) = max{ dim(iV) : .ZV is a connected component of Fix(M ; G) }. 

One measurement for the size of a transformation group G x M —> M is the dimension of 
its orbit space M /G, also called the cohomogeneity of the action. This dimension is clearly 
constrained by the dimension of the fixed point set M G of G in M. In fact, dim(M/G) > 
dim(M G ) + 1 for any non-trivial action. In light of this, the fixed-point cohomogeneity of 
an action, denoted by cohomfix(M; G), is defined by 

cohomfix(M; G) = dim(M/G) — dim(M G ) — 1 > 0. 

A manifold with fixed-point cohomogeneity 0 is also called a G-fixed point homogeneous 
manifold. 

Let G = H x • • • x H = H l act isometrically and effectively on M n . Let N\ denote the 
connected component of largest dimension in M H and let Nk C Nk-i denote the connected 
component of largest dimension in for k < l. We will call a manifold nested H-fixed 

point homogeneous when there exists a tower of nested if-fixed point sets, 

N t C Ni—i C • • • C Ni c M 

such that H acts fixed point homogeneously on M n , and all induced actions of G/H k on 
Nk, for all 1 < k < l — 1, are H- fixed point homogeneous. 
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2.2. Torus Actions. In this subsection we will recall notation and facts about smooth G 
actions on smooth n-manifolds, M, and in particular for their orbit spaces, M/G , and then 
consider the special case when G is a torus. We first recall the definition of a maximal torus 
action , see for example Ishida |31] and Ustinovsky [621 . 

Definition 2.2 (Maximal Action). Let M n be a connected manifold with an effective 
G = T k action. 

(1) We call the G action on M n maximal if there is a point x £ M such that the 
dimension of its isotropy group is n — k: dim(G x ) = n — k. 

(2) The orbit G(x) through x £ M is called minimal if dim(G(x)) = 2k — n. 

Note that the action of T k on M is maximal if and only if there exists a minimal orbit 
T k (x). The following lemma of [TIT] shows that a maximal action on M means that there is 
no larger torus which acts on M effectively. 

Lemma 2.3. [5T i Let M be a connected manifold with an effective T k action. Let T l C T k 
be a subtorus of T k . Suppose that the action of T k restricted to T l on M is maximal. Then 

rpl _ rj-ik 

A similar statement about almost maximal actions is also true. That is, if M admits an 
almost maximal action of rank fc, then at most a torus of rank fc + 1 can act on M effectively. 

Lemma 2.4. Let M be a connected manifold with an effective T k action. Let T l C T k be 
a subtorus of T k . Suppose that the action of T k restricted to T l on M is almost maximal. 
Then l = k or l = k — 1. 

We also obtain the following properties of a maximal action. 

Lemma 2.5. m Let M be a connected manifold with a maximal G = T k action. Let G(x) 
be a minimal orbit. Then 

(1) The isotropy group G x at x is connected. 

(2) G(x) is a connected component of the fixed point set of the action of T k restricted 
to G x on M. 

(3) Each minimal orbit is isolated. In particular, there are finitely many minimal orbits 
if M is compact. 

Observation 2.6. It is easy to see that Properties (1) and (2) also hold for an almost 
maximal action. 

Now, to any orbit space, M/G , we may assign isotropy information, in the form of 
weights. We recall the definition of a weighted orbit space for a smooth G action on M. 

Definition 2.7 (Weighted Orbit Space). Let G act smoothly on an n-manifold M with 
orbit space M* = M/G. To each orbit in M* there is associated to it a certain orbit type 
which is characterized by the isotropy group of the points of the orbit together with the slice 
representation at the given orbit. This orbit space together with its orbit types and slice 
representation is called a weighted orbit space. 

Letting G = T k act maximally on M n , we note that it is enough to specify the weights of 
the facets , that is, of the codimension one faces, as these will correspond to circle isotropy 
groups and together with a description of the orbit space, one then obtains a complete 
description of all orbit types. 

Let 

p : M* —► T*, , x n ) (e 2 ” Xl \ ..., e») 
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be the universal covering projection and let G be a circle subgroup of T k . Since each 
component of p~ 1 (G) is a line containing at least two integer lattice points of R fe , it is 
natural to parametrize G as follows: Let ai,...,a& be relatively prime integers and let 
a = (ai,... ,afc) £ Z fe . We call the m £ Z the weights of the corresponding circle isotropy 
subgroup G(a). Then G(a) = G(ai,..., a*) = {(x\,... ,Xk)\xi = af mod Z, 0 < t < 
1, i = 1,... k}. With this notation G(a) is the image of a line in R fc through the origin 
and the lattice point a = (ai,... , a*,) under the projection p. We define the matrix of m 
isotropy groups G(ai),..., G(a m ) to be the following m x /c-matrix: 

an an ai3 ... ai m 

«21 a 22 023 ■ • ■ 02m 

_CLkl k2 &k3 • • • Q'km_ 

We will denote the weights of a torus action via the matrix M( ai >am ). 

The following proposition and corollary are straightforward generalizations of Theorem 
1.6 and Corollary 1.7 in [33], respectively. We leave the proofs to the reader. 

Proposition 2.8. Let T k act on M n effectively, where M n is a simply-connected, closed 
manifold of dimension n. Suppose further that all isotropy subgroups are connected, all 
singular orbits correspond to points on the boundary of the quotient space, there are no 
exceptional orbits and M n /T k = D n ~ k . Then no subgroup T l (k > l > 1) can contain all 
nonfree elements of T k . 



Corollary 2.9. With the same hypotheses as in Proposition \2.8\ all isotropy subgroups 
must generate the whole group T k and there are at least k different circle isotropy subgroups 
ofT k . 


We recall the following facts about circle subgroups of a T k - action on a manifold, M n , 
see, for example, Oh [33] for more details. 


Proposition 2.10. [31] Let T k act on M n . The following are true. 

(1) Two circle subgroups G(ai) and G(a 2 ) of T k have trivial intersection if and only 
if there exist £ 13 ,..., a k £ Z fc such that the determinant of the corresponding k x k 
matrix, M( ai ...., afc ), is equal to plus or minus one, that is, det(M( aii ,... afc )) = ±1. 

(2) The k circle subgroups generate T k , that is G(ai) x • • • x G(a*,) = T k if and only if 
det (M( aii ... afc )) = ±1. 


With the hypotheses as in Proposition 2.8 we obtain the following information about the 
quotient space M n /T k = D n ~ k : Corollary 2.9 tells us that M/T has least k facets and Part 
(2) of Proposition 2.10 tells us that the matrix of weights for M/T must have determinant 
± 1 . 


Note that the slice representation at a fixed point is just the action of the isotropy 
group on the normal disk. For a circle orbit of type G(cii,... , a*,) we have the standard 
representation described in terms of relatively prime integers. Let M* and M% denote 
the orbit spaces of a smooth action of G on the closed oriented smooth 71 -manifolds Mi 
and M 2 . A diffeomorphism (liomeomorphism) of Mf and M% which carries the weights 
of Mf isomorphically onto the weights of M| is called a weight-preserving diffeomorphism 
(homeomorphism). 

For classification purposes it is convenient to fix orientations. We start with a fixed 
orientation of the group G. Then an orientation of M determines an orientation of M* and 
vice versa, assuming there are no isotropy groups which reverse the orientation of a slice. 
When the orbit map 7r : M —> M* has a cross-section s, that is, s : M* —> M is a continuous 
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map such that n o s is the identity on M*, we always assume that the orientation of s(M*) 
is the one induced by the cross-section and the orientation of M is compatible with it. 

We now recall the definition of a conical orbit structure of a G-action on a space X. 

Definition 2.11 (Conical Orbit Structure). Denote by C(Y ) = (Y x I)/(Y x {0}) the 
closed cone over a space Y and by C(Y) = Y x [0,1)/(F x {0}) the open cone. The orbit 
structure of X is called conical, if X* is homeomorphic to an open cone C(Y) with constant 
orbit type along rays, less the vertex, p*. 

For the case of a T fe -action on a closed manifold M n we obtain the following classification 
of a neighborhood of point in M with isotropy group T l , l < k. 

Theorem 2.12. [37] (see also |3E !) Suppose T k acts locally smoothly on a closed manifold 
M n . Suppose p £ M n has isotropy group T l , 0 < l < k. Let X be a closed invariant 
neighborhood of p in M such that X* = C(Y). Suppose C(Y) is an open subspace of 
M* with conical orbit structure with vertex p*. Then X is equivariantly homeomorphic to 

rj-ik—l y, 

2.3. Torus Manifolds. An important subclass of manifolds admitting an effective torus 
action are the so-called torus manifolds. For more details on torus manifolds, we refer the 
reader to Hattori and Masuda [2S], Buchstaber and Panov [5] , and Masuda and Panov [3S]. 

Definition 2.13 (Torus Manifold). A torus manifold M is a 2n-dimensional closed, 
connected, orientable, smooth manifold with an effective smooth action of an n-dimensional 
torus T such that M T 0. 

Note that torus manifolds satisfy the following properties. The action of T n on M 2n is an 
example of a maximal action. Further, AL 2n is an example of a S' 1 -fixed point homogeneous 
manifold and moreover, the action on T n on M 2n is an example of a nested S 1 -fixed point 
homogeneous action, as defined in Section [2j that is, we can find a tower of nested fixed 
point sets as follows for each p £ M T : 

p C F 2 C • • • C F 2n ~ 2 C M 2n . 

We will also make use of the following refinement of a torus manifold. 

Definition 2.14 (Locally Standard). A torus manifold M 2n is called locally standard if 
each point in M has an invariant neighborhood U which is weakly equivariantly diffeomorphic 
to an open subset W C C n invariant under the standard T n action on C n , that is, there 
exists an automorphism if : T n —> T n and a diffeomorphism f : U —>■ W such that 
f(ty ) = if{t) f{y ) for all t£T n and y £ U. 

Observe that not all torus manifolds are locally standard. In fact, being locally standard 
imposes strong topological restrictions: Masuda and Panov [3B] show that the odd degree 
cohomology of a torus manifold, M, is generated by its degree two part if and only if M is 
locally standard and the orbit space M/T is acyclic with acyclic faces. 

The quotient space P n = M 2n /T n of a torus manifold plays an important role in the 
theory. Recall that an n-dimensional convex polytope is called simple if the number of facets 
meeting at each vertex is n. An n-manifold with corners is a Hausdorff space together with 
a maximal atlas of local charts onto open subsets of the simplicial cone, [0,oo) ra C R n , so 
that the overlap maps are homeomorphisms which preserve codimension. A manifold with 
corners is called nice if every codimension k face is contained in exactly k facets. Clearly, a 
nice manifold with corners is a simple convex polytope. 

Let 7r : M 2n —> P n = M 2n /T n be the orbit map of a torus manifold and let T = 
{Fi,..., F m } be the set of facets of P n . Denote the preimages by Mj = ir~ 1 (Fj), 1 < 
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j < m. Points in the relative interior of a facet Fj correspond to orbits with the same 
one-dimensional isotropy subgroup, which we denote by Tp. . Hence Mj is a connected 
component of the fixed point set of the circle subgroup Tp■ C T n . This implies that Mj 
is a T"-invariant submanifold of codimension 2 in M, and Mj is a torus manifold over 
Fj with the action of the quotient torus T n /Tp j = T n_1 . Following [9], we refer to Mj 
as the characteristic submanifold corresponding to the jth face Fj C P n . The mapping 
A : Fj Tp ,1 < j < m, is called the characteristic function of the torus manifold 
M 2n . Now let G be a codimension-fc face of P n and write it as an intersection of k facets: 
G = Fj, fl ••• n Fj k . Assign to each face G the subtorus Tq = c ^ ■ Then 

Mq = 7r _1 (G) is a T"-invariant submanifold of codimension 2k in M, and Mq is fixed 
under each circle subgroup A (Fj ), 1 < p < k. 

To each n-dimensional simple convex polytope, P n , we may associate a T m -manifold Zp 
with orbit space P n , as in Davis and Januszkiewisz [9]. 

Definition 2.15 (Moment Angle Manifold). For every point q £ P n denote by G(q) 
the unique (smallest) face containing q in its interior. For any simple polytope P n define 
the moment angle manifold 

Z P = (T^ x P n )/ ~ = (T m X P n )/ ~, 
where ( t\,p ) ~ (t 2 ,q) if and only if p = q and titf 1 £ 

Note that the equivalence relation depends only on the combinatorics of P n . In fact, this 
is also true for the topological and smooth type of Zp, that is, combinatorially equivalent 
simple polytopes yield homeomorphic, and, in fact, diffeomorphic, moment angle manifolds 
(see Proposition 4.3 in Panov j47j and the remark immediately following it). 

The free action of T m on T^ x P n descends to an action on Zp, with quotient P n . Let 
7 tz ■ Zp —► P n be the orbit map. The action of T m on Zp is free over the interior of P n , 
while each vertex v £ P n represents the orbit i t^(v) with maximal isotropy subgroup of 
dimension n. 

In Buchstaber and Panov [4] the following facts about the space Zp are proven. 

Proposition 2.16. [2] Let P n be a combinatorial simple polytope with m facets, then 

(1) The space Zp is a smooth manifold of dimension m + n. 

(2) If P = Pi x P 2 for some simple polytopes Pi and P 2 , then Zp = Zp x x Zp 2 . If 
G C P is a face, then Zq is a submanifold of Zp. 

Lastly, we describe properties of the Borel construction of a locally standard torus action 
on a smooth manifold. Let T = T n and let Mp '■= ET XpM be the Borel construction, that 
is the quotient of the product of M with the total space of the T-universal principal bundle 
ET by the diagonal action of T on both. Thus Mp is a bundle over the classifying space 
BT with fiber M. Recall that as mentioned above, M locally standard and P := M/T 
acyclic with acyclic faces is equivalent to the cohomology of M being generated by degree 
2 classes [35]. Hence the Leray-Serre spectral sequence collapses at E 2 and we obtain that 
H*(Mt) — H*(BT ) (g) H*{M). In particular for n = 2, there is a short exact sequence: 

(2.1) 0— >H 2 (BT) — >H 2 (M t ) — >H 2 (M) —>-0. 

In analogy with a torus manifold, we may define a torus orbifold, as follows. 

2.4. Torus Orbifolds. In this subsection we gather some preliminary results about torus 
orbifolds. 

We first recall the definition of an orbifold. For more details about orbifolds and actions 
of tori on orbifolds, see Haefliger and Salem EH, and [T5] . 


NON-NEGATIVE CURVATURE AND TORUS ACTIONS 


11 


Definition 2.17 (Orbifold). A n n-dimensional (smooth) orbifold, denoted by O, is a 
second-countable, Hausdorff topological space \0\, called the underlying topological space of 
O, together with an equivalence class of n-dimensional orbifold atlases. 

In analogy with a torus manifold, we may define a torus orbifold, as follows. 

Definition 2.18 (Torus Orbifold). A torus orbifold, O, is a 2n-dimensional, closed, 
orientable orbifold with an effective smooth action of an n-dimensional torus T such that 

O t ± 0. 

We recall the following theorem from [19] , which will be of use in the proof of Theorem 
A. 

Theorem 2.19. [T9] Let 0 2n , a rationally elliptic, simply-connected torus orbifold. Then 
there is a product Z of spheres of dimension > 3, a torus T l acting linearly and almost freely 
on Z, and an effective, linear action ofT n on O = Z/T l , such that there is a T n -equivariant 
rational homotopy equivalence O =q O. 

2.5. Alexandrov Geometry. Recall that a finite dimensional length space (X, dist) is 
an Alexandrov space if it has curvature bounded from below (see, for example, Burago, 
Burago and Ivanov i)- When M is a complete, connected Riemannian manifold and G 
is a compact Lie group acting on M by isometries, the orbit space X = M/G is equipped 
with the orbital distance metric induced from M, that is, the distance between p and q 
in X is the distance between the orbits Gp and Gq as subsets of M. If, in addition, M 
has sectional curvature bounded below, that is, sec M > k, then the orbit space X is an 
Alexandrov space with curvA > k. 

The space of directions of a general Alexandrov space at a point x is by definition the 
completion of the space of geodesic directions at x. In the case of orbit spaces X = M/G , 
the space of directions EpA at a point pgl consists of geodesic directions and is isometric 
to 

S£/G p , 

where S^ is the unit normal sphere to the orbit Gp at p £ M. 

A non-empty, proper extremal set comprises points with spaces of directions which sig¬ 
nificantly differ from the unit round sphere. They can be defined as the sets which are 
“ideals” of the gradient flow of dist(p, •) for every point p. Examples of extremal sets are 
isolated points with space of directions of diameter < 7r/2, the boundary of an Alexandrov 
space and, in a trivial sense, the entire Alexandrov space. We refer the reader to Petrunin 
152] for definitions and important results. 

2.6. Geometric results in the presence of a lower curvature bound. We now re¬ 
call some general results about G-manifolds with non-negative and almost non-negative 
curvature which we will use throughout. Recall that a torus manifold is an example of 
an S' 1 -fixed point homogeneous manifold, indeed of an nested S' 1 -fixed point homogeneous 
manifold. Fixed point homogeneous manifolds of positive curvature were classified in Grove 
and Searle [95] and more recently Spindeler m proved the following theorem which char¬ 
acterizes non-negatively curved G- fixed point homogeneous manifolds. 

Theorem 2.20. ]6lj Assume that G acts fixed point homogeneously on a complete non- 
negatively curved Riemannian manifold M. Let F be a fixed point component of maximal 
dimension. Then there exists a smooth submanifold N of M, without boundary, such that 
M is diffeomorphic to the normal disk bundles D(F) and D(N) of F and N glued together 
along their common boundaries; 


M = D(F) U a D(N). 
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Further, N is G-invariant and contains all singularities of M up to F. 


Spindeler also proves the following two facts when M is a torus manifold of non-negative 
curvature, which will be important for what follows. 


Proposition 2.21. 


Let M,N and F be as in Theorem 2.20 and assume that M is a 


closed, simply connected torus manifold of non-negative curvature. Then N has codimension 
greater than or equal to 2 and F is simply-connected. 


For a torus manifold that is non-negatively curved, Wiemeler 1641 shows in Proposition 
4.5 that the quotient space, AL 2n /T n = P n , is described as follows: P n is a nice manifold 
with corners all of whose faces are acyclic and P n is of the form 


(2.2) P n = ]JS ni x 

i<r i>r 

where E ni = S 2ni /T" and A Ui = S 2ni+1 /T ni+l is an rq-simplex. The T rai -action on S 2rti 
is the suspension of the standard T ni -action on R 2ni and it is easy to see that T, ni is the 
suspension of A" i_1 . Note that each rq-simplex has ni + l facets and each Y, ni has n, facets. 
The number of facets of P n in this case is bounded between n and 2 n. 

Using this description of the quotient space, the following equivariant classification the¬ 
orem is obtained in [64]. 

Theorem 2.22. [64] Let M be a simply-connected, non-negatively curved torus manifold. 
Then M is equivariantly diffeomorphic to a quotient of a free linear torus action of 

(2.3) Zp = n S 2n ' X ll S 2n '~\ m > 2, 

z<r i>r 

where Zp is the moment angle complex corresponding to the polytope in Display (2.2). 

The following Lemma was important for the proof of Theorem |2.22| and will be useful 
for the proof of Theorem A. 

Lemma 2.23. [64] Let M 2n be a simply-connected torus manifold with an invariant metric 
of non-negative curvature. Then M 2n is locally standard and M 2n /T n and all its faces are 
diffeomorphic (after-smoothing the corners) to standard discs D k . Moreover, H odd (M ; Z ) = 

0 . 


We will also make use of the following theorem from [TS]. 

Theorem 2.24. []j5] Let M be a closed, simply-connected, non-negatively curved Riemann- 
ian manifold admitting an effective, isometric, maximal torus action. Then M is rationally 
elliptic. 

We note that combining Theorem |5.4| with Theorem |2.24| allows us to prove the following 
corollary: 


Corollary 2.25. Let M be a closed, simply-connected, non-negatively curved Riemann- 
ian manifold admitting an effective, isometric, almost maximal torus action. Then M is 
rationally elliptic. 


In Sectio n [6] w e will need to consider generalizations of Theorem |2.20[ Proposition |2.21 


and Lemma 2.23 to manifolds of almost non-negative curvature, so we recall the definition of 
almost non-negative curvature here, as well as an important result of Fukaya and Yamaguchi 
that allows us to determine under what conditions the total space of a principal torus bundle 
will admit a metric of almost non-negative curvature. 












NON-NEGATIVE CURVATURE AND TORUS ACTIONS 


13 


Definition 2.26 (Almost Non-Negative Curvature). A sequence of Riemannian man¬ 
ifolds {(M, g a )}^L 1 is almost non-negatively curved if there is a real number D > 0 so that 

Diam(M, g Q ) < D, 

sec (M, g Q ) > 

a 

A large source of examples of almost non-negatively curved manifolds can be constructed 
by the following result of Fukaya and Yamaguchi [Hl- 

Theorem 2.27. [T5| Let F E —► B be a smooth fiber bundle with compact Lie structure 
group G, such that B admits a family of metrics with almost non-negative curvature and 
the fiber F admits a G-invariant metric of non-negative curvature. Then the total space E 
admits a family of metrics with almost non-negative curvature. 


3. The Equivariant Classification 

In this section we will prove a Cross-Sectioning Theorem, which will then give us an 
Equivariant Classification Theorem. We will also show that when the number of facets 
equals the rank of the torus action, there exists a weight preserving diffeomorphism between 
the quotient spaces. 


3.1. Cross-Sectioning Theorem and the Equivariant Classification Theorem. The 

main tool for an equivariant diffeomorphism classification is giving by the existence of 
smooth cross-sections as proven in the following theorem: 

Theorem 3.1. Let T k act smoothly on a smooth, closed, n-dimensional manifold, M n such 
that M* = M n /T k is an (n — k)-dimensional disk, D n ~ k . Suppose further that all interior 
points of M* are principal orbits and that points on the boundary, dM*, correspond to 
singular orbits with connected isotropy subgroups. Then the orbit map tt : M n —> M* has a 
cross-section. 


The proof is a direct generalization of the equivariant classification theorem for Tr¬ 
actions on M b by McGavran |37j. Similar techniques are also used in work of Raymond |53j 
and Orlik and Raymond [531 ESS E$] • The main topological tool in the proof comes from 
obstruction theory, that is, the obstruction to extending a map A —> A to a map W —> X 
where X is a connected CW-complex and (W, A) is a CW-pair. Such an extension always 
exists, that is the obstruction vanishes, if H n+1 (W, A, Tr n (X)) = 0 for all n. For more details 
on obstruction theory see for example |10j . 

In the following two lemmas, required for the proof of Theorem |3.1[ we will be considering 
a closed T k = T\ x • • • x Tfc-invariant subset C of the closed manifold, M, with M as in 
Theorem 3d We choose C so that its orbit space under the torus action, C* C M* = D n ~ k 
is a closed conical section of M*, with conical orbit space, as in Definition 2.11 That is, 
C* is a closed cone over D n ~ k ~ x and is homeomorphic to an (n— £c)-disk, itself. Moreover, 
we choose C so that C* D dM* is homeomorphic to D n ~ k ~ 1 . This intersection with the 
boundary of M* will be denoted by S + and we will denote the (n — k — l)-disc which we 
cone over by S~. The vertex, p* € S + , will correspond to the north pole. See Figure 3.1 
for an illustration of the orbit space, C* and its homeomorphic image, D n ~ k . 

Since isotropies are constant along rays from p*, ( S + ,p *) is partitioned into cells of 
dimension (n — k — 1), provided they all intersect in p*. This gives us a decomposition of 
( S + ,p*) into lower dimensional cells with weights as follows. 

Let ( S + ,p*) be decomposed into i cells, 1 < i < k, each of dimension (n — k— 1), denoted 
by, and after possible reordering of indices, Uk-i+i, • ■ ■, £4 , such that n}=fc-i+i £4 = p*■ 
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Figure 3.1. The conical section C* C M* and its homeomorphic image D n k . 


We will denote this weighted decomposition of ( S + ,p*) by 


{{Uk-i+i, ■ ■ ■, Uk}, T l = Tk-i+i x • • • x Tfc}. 


Note that the inverse image of the interior of any (n — k — l)-dimensional cell, say Uj, 
corresponds to points with circle isotropy corresponding to the subgroup Tj. The inter¬ 
section of any two of these (n — k — l)-cells, say Uj and Ui, with circle isotropies Tj and 
Ti , respectively, results in an (n — k — 2)-cell that we will denote by Uji with isotropy 
Tj x Ti = T 2 . By analogy, we will denote by Ui 1 ...i j the (n — k — j — l)-cell resulting from 
the intersection of two (n — k — j)-cells, denoted by D We note that the 

interior of any (n — k — j)-cell will have isotropy T° and the non-empty intersection of two 
such (n — k — j)-cells will have T J+1 isotropy. 

Further, for this weighted decomposition, we have a partially ordered set of intersections 
containing p*. For example, and after possible reordering of indices, the following inclusions 
may occur: 

p* € Uk-i+i—k C Uk-i+2---k C • • • C Uk-ik C Uk- 
These inclusions correspond to the following containments in isotropy subgroups: 

T j = T k -i+ 1 x • • ■ X T k D T i_1 = T k -i+ 2 x ■■■ xT k D ■■■ D T 2 = T k - 1 x T k D T 1 = T k . 


The simplest possible decomposition is as in Lemma |3.2[ where the decomposition of 
( S + ,p*) is given as {U,Tk} and is illustrated in the right hand figure of Figure 3.1 The 
next simplest is given as {{U k -i,Uk},T 2 = T k -1 x T k } and is illustrated in Figure 3.2 
The most general decomposition will be the one where p* corresponds to an orbit with T fe 
isotropy, and whose weighted decomposition is {{U \,..., U k },T k = Tf x • • • X T k }. Note 
that by construction all non-trivial isotropies are connected and correspond to points on 
5 + , all other orbits are principal. 

In the following lemma, we begin with the simplest decomposition possible and show 
that we can construct a cross-section for C*. 


Lemma 3.2. Let T k = Tf x • • • x T k act smoothly on a smooth, closed n-dimensional 
subspace C C M, where M is a smooth, closed n-dimensional closed manifold, and C has 
quotient space, C*, as described above. Suppose ( S + ,p*) = {U k ,Tk}. Then there exists a 
cross-section. Further, suppose a cross-section is given on an [n — k — \)-cell A C S~. Then 
it can be extended to all of D n ~ k . 


Proof of Lemma pO| Recall that the orbit space is a closed cone with vertex p*, the north 
pole of D n ~ k . Since the orbit structure is conical and G p = T k , by Theorem 2.12 C is 
equivariantly homeomorphic to T fc_1 x xp-k+i with Tk acting orthogonally on £)"- fe + 1 . 
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Construct a cross section from D n ~ k to D n ~ k+1 using the “inverse” of the projection map 
given via the orthogonal action of T \ on ]j n - k + 1 and then we construct a section from 
D n ~k +1 to j-fe-i x jjn-k+i sending an arbitrary point x G £)"- fc + 1 to ( t,x ) € T fc_1 x 
D n -k +1 for some t G T fc_1 . 

Now suppose a cross-section s is given on a (n — k — l)-cell A C S'. Let A' = A n 
(D n ~ k \ S + ) and n : C —> C* = jj n ~ k the orbit map. Then 7r ~ 1 (D n ~ k \S + ) is a principal 
T" -fe -bundle over (D n ~ k \ S + ). Using the long exact sequence for relative cohomology and 
excision, it follows that H l ((D n ~ k \S + ), A') = 0 for all * > 0. Thus, by obstruction theory, 
we may assume that s is defined on (D n ~ k \ S + ) U A. 

We now obtain the following diagram, where 7Ti : C —> C\ = C/T k ~ k and 7 t 2 : C\ —>■ 

(J* j^n—k 


si 



Let s 2 = 7Ti o s. Then s 2 is a cross-section to 7 t 2 defined on (D n ~ k \ S + ) U A. But 
S + corresponds to the set of fixed points of the T k action on C \, so we can define s 2 on 
all of D n ~ k . In order to show continuity of s 2 we first describe D n ~ k as I x S + , where 
I is an interval. Note that Trf 1 (S + ) = jjn-k- 1 anc [ 7r “ 1 (/) = C(T k ) = D 2 and the Tr¬ 
action on 7r^" 1 (/) is rotation. Hence the T \ action on C\ = D n ~ k + 1 ^ T> 2 x 
is rotation on the first factor and trivial on the second. An orbit can be described as 
{re lB , Re 1 ® |0 < 9 < 2ir, 0 < 0 < 2ir} where 

{ / ; p n — k — 1 , , „ . _ , 

me 1 .rn-t-ie 2 if n — k — 1 is even, 

—2— „ 

, ;a iS n-k -2 _ , 

(rie 1 . r n ~k~i e 2 , lj if n — k — 1 is odd. 

Note that the fixed point set of T k on D 2 x D n ~ k -i j s jo} x £>n-fc-i Now let q = (0, 5e* E ) G 
Fix(Tfc,£> 2 x D n ~k~^ anc j |g*| = {(r n e lBrl , R n e l ® n )*} be a sequence in M* converging 
to q*. Then r n —0, R n —>■ S and 0 n —E. But then the sequence }s 2 (< 7 *)} will be of 
the form {r n e lBn , R n e 1&rl } which converges to q = (0, Se* E ). Hence s 2 is continuous. 

Next we need a cross-section Si defined on s 2 (C*) = D n ~ k . Let si = s o tt 2 : s 2 (C*) \ 
s 2 (S+ \ A) — > C. Now 7 r 1 - 1 (s 2 (C'*)) is a principal T^-bundle over s 2 {C*) “ D n ~ k 
and we obtain that Si is in fact a cross-section of 7T! defined on s 2 (C*) \ s 2 (S + \ A). 

Since s 2 (S + \ A) is a homology (n — k — l)-cell on the boundary of s 2 (C*), it follows that 

H l (s 2 (C*), s 2 {C*) \ s 2 (S + \ A)) = 0 for all i > 0. Again by obstruction theory this implies 
that si can be extended to all of s 2 (C*). Thus si o s 2 extends s to all of C*. 


We are now ready to construct a cross-section for a general decomposition of C*. 

Lemma 3.3. Let T k = Ti x • • • x T fc act smoothly on a smooth , closed n-dimensional 
subspace C C M, where M is a smooth, closed n-dimensional closed manifold, and C 
has quotient space, C*, as described above. Let the decomposition of (S + ,p*) be given by 
{{Uk-i+ 1 ,..., U k },T l = Tk-i+i x • • • x Tfc}, with 1 <i<n — k<k. Then there exists 
a cross-section. Further, suppose a cross-section is given on an (n — k — 1 )-cell A C S~. 
Then it can be extended to all of D n ~ k . 
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Figure 3.2. The upper hemisphere S + = Uk-i U £4. 


Proof. Consider the following decomposition of (S + ,p*) given by {{E4-t+ii • • •, £4}, T* = 
Tk-i+i x • • • x Tfc}. The orbit structure is conical with vertex p* where G p = Tk-i+i x • • • x T*,. 
By Theorem 2.12, C is equivariantly homeomorphic to Tf x • • -Tk~i x D n ~ k+l = T k ~ l x 
jjn—k+i an( j j , fc _ i+1 x • • • x Tfc = T® acts orthogonally on T) r, - k+l . It is easy to construct a 
cross-section in this case, following the proof of Lemma, |3.2| First, we construct a section 
from D n ~ k to D n ~ k+l via the inverse of the orthogonal action of T® on D n - k + l and then we 
construct a section from jj n ~ k + z to T k ~ l x jj n ~ k + l by sending an arbitrary point x £ D n - k ~ l 
to (t,x) £ T k ~ l x D n ~ k+l for some t £ T k ~ l . 

Now suppose a cross-section s is given on a (n — k — l)-cell A C S~. As In Lemma 3.2 
we may assume that s is defined on (D n ~ k \ S + ) U A. Then we have the following diagram, 


where 7Ti : C —► C\ = C/T' 
7 Ti : a D n ~ k . 


k—i 


: Cj-i 


Cj = Cj-i/Tk-i-j+ 2 , for j £ {2and 


Sl 



Let Sj_|_i = TTi o 7 o • • • o tti o s. Then Sj+i is a cross-section to 7r i+1 defined on 
(. D n ~ k \ S + ) U A. Now TT~^ 1 {D n ~ k \ Uk) is a principal circle bundle over D n ~ k \ £/*,, and 
since H q (D n ~ k \ Uk , (D n ~ k \ S + ) U A) = 0 for all q > 0, s»+i can be extended to all of 
jjn-k y jj k corr esponds to the set of fixed points of the T*, action on Ci, so Sj+i 

can be extended continuously to all of D n ~ k , exactly as in the proof of Lemma 

We assume then that we have a cross section to 7T;+i defined on sz +2 o • • • o s i+i(D n ~ k ) “ 
si + 2 (D n k ). Next we need a cross-section to 7 r; defined for any l, 2 < l < i and on 
s l+1 (D n - k ). Let 

Si = 7T;_r O ■ O 7Ti O so 7Tj_)_i O • • • 7T;_|_r. 


3.2 
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Figure 3.3. A partial decomposition of the quotient space, M*. 


As before, Trg 1 (si + i(D n ~ k ) \ si + i(Uk-i)) is a principal circle bundle over si + i(D n ~ k ) \ 
Si + i(Uk-i) and si can be extended to all of Si + i(D n ~ k ) \ si + i(Uk-i). Then si + i(D n ~ k ) = 
D n ~ k ,si +1 (U k -i ) = D n “ fc_1 S* d(si +1 (D n ~ k )), and ng 1 (si +1 (U k -i)) is the fixed point set of 
the Tk-i action on 7r ; ” 1 (s; +1 (D n_fc )). Hence exactly as before we may extend S; continuously 
to all of si + i(D n ~ k ). 

We now arrive at 7rf ((s 2 ° s 3 o • • • o s i+ i){D n ~ k )) is a principal T fc_I -bundle over (s 2 ° 
S3 o ■ ■ • o Si + i)(D n ~ k ) = D n ~ k and si = so 7 r, + i o ■ • • o 7 t 2 is a cross-section defined on 
(s 2 o s 3 o • • • o Si + i)((D n ~ k \ S + )Ui). As before this can be extended to all of (s 2 o S 3 o • • • o 
s i+ i){D n ~ k ). Hence Si o s 2 o s 3 o • • • o Sj_|_i is an extension of s to all of D n k . □ 


We are now ready to prove Theorem |3.1 


Proof of Theorem \3.1\ As stated earlier, the proof is a direct generalization of the equivari- 
ant classification theorem for Fractions on M 6 by McGavran [37], which we include for 
the sake of completeness. First decompose the orbit space M* = D n ~ k into a collection 
of conical sections {G*}£L 1; with C* = D n ~ k for each i £ {1,...,,}, and such that the 
orbit st ruct ure for each Ci C M n is conical as in Definition |2.11| As we saw in the proof of 


Lemma 3.3 each Ci = T k 1 x D n k+l for some l £ {!,...&} and therefore a cross-section 


exists on each C*. An obstruction theory argument shows that a cross-section given on an 
(n — k — l)-cell A C S~ C C* can be extended to all of C*. 

In order to create a cross-section on all of M*, we start by defining a cross-section s on 
Cl. We then attach C 2 to C* along an (n — k — I)-cell A and so we have a cross section s 
defined on Cl and on A C S~ C C 2 . By Lemma 3.3 we can then extend the cross-section 
s to all of C 2 *. Continuing this process we can extend s to all of M*. Figure [3731 illustrates 
this process for a partial decomposition of M*. □ 


It is clear that if M" is equivariantly diffeomorphic to Mg then the corresponding or¬ 
bit spaces will be weight-preserving diffeomorphic. Vice versa, one can use the weight¬ 
preserving diffeomorphism and the existence of a cross-section to construct a G-equivariant 
diffeomorphism between Mg and Mg. Note that smoothness of the action implies that 
that orbit map is smooth, and hence we may choose a smooth cross-section and obtain the 
following equivariant diffeomorphism classification. 

Theorem 3.4. Let G act smoothly on smooth, closed, n-dimensional manifolds, Mg and 
Mg and suppose that the orbit maps n : Mg M* = Mg/G have cross-sections for 
i = 1,2. Then there exists an equivariant diffeomorphism h from Mg onto Mg if and only 
if there exists a weight-preserving diffeomorphism h* from Mf onto Mif. Furthermore, if 
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Mi and M 2 are oriented and the orientations of Mf and M% are those induced by M\ and 
M 2 , then h is orientation preserving if and only if h* is orientation preserving. 

3.2. Creating a weight preserving diffeomorphism. The goal of this subsection is to 
prove Proposition |3.11[ which tells us that given a manifold M n admitting an isometric, 
effective, maximal T k action, if the number of facets of the quotient space is equal to the 
rank of the action, then we can find a manifold, M n , that is equivariantly diffeomorphic to 
M n admitting an isometric, effective and maximal T k action for which the free dimension 
is equal to the free rank. We begin with the following lemma. 

Lemma 3.5. Let T k act isometrically, effectively and maximally on a closed, simply- 
connected, n-dimensional Riemannian manifold, whose quotient space M/T is 

pn-k = X 

i<r i>r 

and the number of facets of p n ~ k is equal to k. Suppose that all singular isotropies are 
connected and correspond to points on the boundary and all other orbits are principal. Then 
there exists a weight preserving diffeomorphism <f> : P n ~ k —>■ p n ~ k taking the weight vectors, 
{a;}, ofP n - k to {(/>(ai)} ; where <f>(sLi) is the unit vector with the value ±1 in the i-th position. 


Proof. Recall that we may assign a weight to each facet, corresponding to the circle isotropy 
subgroup of T k . Each weight may be written as a fc-vector and we may group all the weights 
in a k x k matrix with determinant equal to ±1 as described in Subsection 2.2 Since the 


k x k matrix of the weights has integer entries and non-zero determinant, using the Smith 
normal form, it can always be diagonalized. After diagonalizing, we obtain a k x k matrix 
with ±1 entries on the diagonal, as desired. □ 


Lemma 3.6. With the same hypotheses as in Lemma \3. 5\ suppose that the matrix of weights 
of pn-k ma t r i x w ith ±1 entries along the diagonal. Then the T k action has 2k — n 

freely acting circles. 

Proof. By assumption the matrix of weights of P n ~ k is the matrix with ±1 entries along 
the diagonal. Hence all circle isotropy subgroups are mutually orthogonal. In order to show 
that the T k action has (2k —n) freely acting circles, we claim that it suffices to find (2k — n) 
pairs of opposing faces on the polytope. For each such pair of opposing faces, we consider 
the diagonal circle in the subgroup of T k generated by the corresponding isotropy subgroup 
of each face. Since the faces are opposing, they will not intersect in any lower-dimensional 
face and hence the diagonal circle in this subgroup will intersect all isotropy subgroups 
trivially and corresponds to a circle subgroup of T k that acts freely. 

Recall that E” ; has n,; facets and A Ui has rii + 1 facets and that the number of facets in 
a product of polytopes equals the sum of the facets in each polytope. It is clear that E ni , 
since it is the suspension of a A ni_1 , has no pairs of opposing faces that do not intersect in 
a lower dimensional face. Further, in order to have the correct free rank, p n ~ k must contain 
the product of exactly (2k — n) simplices of dimension Hi, A ni . Thus, in order to find the 
(2k — n ) pairs of opposing faces, it suffices to first show that for any product of (2k — n) 
A ni , that we can find (2k — n) opposing faces. The product of these pairs of opposing faces 
with the remaining product of E rai s in p n ~ k will then form the desired set of (2k — n) pairs 
of opposing faces. 

We will use barycentric coordinates for the n-simplex, A n — y~^_ n Si Vi with vertices 
vo, ..., v n where (so, ■ ■ ■ s n ) £ K™ +1 , ^" =0 Si = 1 and Sj > 0 for i = 0,... n. We define the 
set 

n 

^i — {• • • ? 15 0 , St ,... s n ) | ^ ^ Si — I 5 Si ^ 0 for i — 0 ,... 77 -} 

i =0 
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corresponding to the (n — l)-simplex to be opposite the vertex 

v j = (0 ,...0,l,0,...0 ) 

with 1 in the Pth coordinate. 

Consider the following two canonical examples: 


Example 3.7. Consider the simplex, A n ~ k , with n — k + 1 facets, arising as the quotient 
of a T n ~ k+1 action on M n , with free rank equal to 1. Consider the pair of opposing faces 
given by 

,Vi}. 

Let Tj be the isotropy subgroup corresponding to A " _fc_1 and let Tjf~ k be the isotropy 
subgroup corresponding to Vi. Then it is clear that Tj n Tf~ k intersect trivially in T n ~ k+1 . 
The diagonal circle in T n ~ k+1 generated by Tj and Tfj~ k intersects all isotropy groups 
trivially and hence acts freely. 

Example 3.8. Consider the simplex, A n ~ k ~ l x A ( , with n — k + 2 facets, arising as the 
quotient of a T n ~ k+2 action on M n , with free rank equal to 2. Consider the two pairs of 
opposing faces given by 

{ A n-k-l -i x A I }V . x A (| and { A n-k-l x A l-l A n-k-l x 

Let Tj be the isotropy subgroup corresponding to A” - * - * -1 x A* and let Tfj~ k ~ l }j e fhe 
isotropy subgroup corresponding to Vi x A* and Tj be the isotropy subgroup corresponding to 
A n-k-i x 1 and let Tj be the isotropy subgroup corresponding to A n ~ k ~ l x Vj. Then it 
is clear that Tj p intersect trivially in T n ~ k+2 and so do Tj and Tj. The diagonal 

circles in < Tj,Tjj~ k ~ l >= x n ~ k ~ l+1 and in < Tj,Tj >= T l+1 intersects all isotropy 
groups trivially and hence act freely. 


For the sake of simplicity of notation, we will prove only the case when P n k = Ylt- \■ 
We will proceed by induction on the number of simplices contained in the product. The 

Let J7 a = IlU AUi Ei=i n i + l = k facets 
with free rank equal to 2k — n = l, and 


3.7 


base case is covered by Example 
arising as the quotient of a T fc -action on M r 
assume by the induction hypothesis that on any subproduct 1 C J~[k we can find ( l — 1) 
pairs of opposing faces. Consider, for example, Jlk = Ilk 1 x A " ! • let IIa denote 

A™ 1 x • • • x A n J x A"'. 


Then we get l freely acting circles from opposing faces given by mk i xA^- 1 ,nk i x^} 
for j = 1 ,..., l — 1 and one additional one by the construction in Example |3.8| with the 
pair of opposing faces given by {JIa 1 xA "' -1 ,!!^ 1 Xv i} ■ Hence we get l pairs of opposite 
faces, as desired and the lemma is proved. 


□ 


We now establish some preliminary facts about the quotient space P n k = M n /T k , when 
M n is a closed, non-negatively curved manifold and the T k action is maximal. By work in 
P8. it follows that P" k , is a polytope of the form as in Display (2.2), with corresponding 
moment angle manifold equal to a product of spheres of dimension greater than or equal to 
three, as in Display (2.3). 

The following Lemma gives us information about the structure of the quotient space, 
P n ~ fe as well as a complete description of the corresponding isotropy groups. 

Lemma 3.9. Let T k act isometrically, effectively and maximally on M n , a closed, non- 
negatively curved Riemannian manifold. Then the following hold for the quotient space 
P = M/T: 
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(1) All singular orbits correspond to boundary points on P and the corresponding isotropy 
subgroups are connected; and 

(2) All interior points correspond to principal orbits. 

Proof. Recall that the inverse image of each codimension m face of the boundary of P is 
a fixed point set of T m of codimension 2m. In particular, this implies that the singular 
isotropy corresponding to any boundary point is connected. 

Any singular or exceptional isotropy that does not correspond to a boundary point must 
correspond to an interior point, and whose image will be contained in an extremal set of 
P. Let F C M correspond to any facet F of P. The points of F correspond to orbits 
with circle isotropy. By concavity of the distance function dist^(-), it follows that any point 
belonging to an extremal set must lie at maximal distance from F and therefore must lie 
on the boundary of P . So the interior of P must consist entirely of principal orbits. □ 


The following lemma then follows by a direct application of Theorem |3.1 


Lemma 3.10. The map n : Z^ pn -k^ —* k ) admits a cross-section. 

By Lemmas |3.5[|3.6[ and 3.10|and the Equivariant Classification Theorem |3.4[ we obtain 


the following Proposition 3.11 


Proposition 3.11. Let T k act isometrically and effectively on M n , a closed, simply- 
connected, n-dimensional Riemannian manifold with free rank equal to 2k — n, whose quo¬ 
tient space M/T is 

pn-k = x 

i<r i>r 

and the number of facets of p n ~ k is equal to k. Suppose that all singular isotropies are 
connected and correspond to points on the boundary and all other orbits are principal. Then 
there exists an equivariant diffeomorphism between M and M, where M = Z^pn-k} admits 
a freely acting torus of rank 2k —n and </> is the weight-preserving diffeomorphism of Lemma 


Observe that if we strengthen the hypotheses of Proposition[3TT]to make the torus action 
maximal and assume that M n is non-negatively curved, we can then drop the hypotheses 
on the isotropy groups, as Lemma [3~9| guarantees that they will be satisfied. 


4. Almost non-negative curvature and locally standard actions 


In this section, using a generalization of work of EU> we extend a result of [B3] that 
allows us to decide when a torus manifold with non-negatively curved quotient space is 
locally standard. 

It follows from the proof of Theorem 2.20 in [61], in fact, that we only need assume 


that M is complete and the quotient M/G is a non-negatively curved Alexandrov space to 
obtain the same result, so we reformulate the theorem as follows. 


Theorem 4.1. Assume that G acts fixed point homogeneously on a complete Riemannian 
manifold M such that M/G is a non-negatively curved Alexandrov space. Let F be a fixed 
point component of maximal dimension. Then there exists a smooth submanifold N of M, 
without boundary, such that M is diffeomorphic to the normal disk bundles D(F) and D(N) 
of F and N glued together along their common boundaries; 

M = D(F) U a D(N). 

Further, N is G-invariant and contains all singularities of M up to F. 
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It also follows from the proof of Proposition 2.21 in [61], that we may weaken the hy¬ 


potheses to assume only that M is complete and the quotient M/G is a non-negatively 
curved Alexandrov space as follows. 


Proposition 4.2. Let M,N and F be as in Theorem 4-1 and assume that M is a closed, 
simply connected torus manifold. Then TV has codimension greater than or equal to 2 and 
F is simply-connected. 


Remark 4.3. Using Theorem B of Searle and Wilhelm |59j which allows one to lift a 
metric of almost non-negative curvature on a G-manifold M, provided M/G is almost non- 
negatively curved, we note that M as above admits a G-invariant family of metrics of almost 
non-negative curvature, so Theorem \4-l\ and Proposition ^ -2\ hold for the class of G-invariant 
almost non-negatively curved manifolds with non-negatively curved quotient spaces. 

We can then prove the following generalization of Wiemeler’s result, Lemma 6.3 of [SI], 
for non-negatively curved torus manifolds. 

Let F % = Fix(M n ;T i ) be the fixed point set of any subtorus T l C T n , 1 < i < n. 
We now introduce the following condition on the components of fixed point sets of almost 
non-negatively curved manifolds with non-negatively curved quotient space. 

Condition F. Let T k act on M n , a closed, simply-connected, manifold admitting a family 
of metrics of almost non-negative curvature and assume that M n /T k is a non-negatively 
curved Alexandrov space. Then for any component F C Fi, the quotient F/T is a non- 
negatively curved Alexandrov space. 

Theorem 4.4. Let M 2n be a closed, simply-connected, torus manifold admitting a family 
of metrics of almost non-negative curvature and assume that M n /T k is a non-negatively 
curved Alexandrov space. Suppose that the manifold satisfies Condition F. Then M 2n is 
locally standard. 

Proof. We follow Wiemeler’s proof of Lemma 6.3, [64] using induction on the dimension 
of M. The base case is the case of dimension 2 which is clear. We then use complete 
induction and assume that the theorem is proved in all dimensions less than the dimension 
of M. We first use Theorem |4.1| to obtain a double disk bundle decomposition just as 
in the non-negative curvature case, that is, we write M = D(F) D(N), where F is a 

characteristic manifold and TV is a T"-invariant submanifold. Proposition |4.2| then gives 
us that F is simply connected and TV has codimension greater or equal to 2. Since F is a 
closed, totally geodesic submanifold it admits a metric of almost non-negative curvature. 
Hence F is a closed, simply connected, almost non-negatively curved torus manifold. It is 
also a characteristic submanifold of M, so it satisfies the induction hypothesis. Therefore 
F is locally standard. 

Let tt p '. E — } F, 7 tn : E —> TV be the bundle maps and consider x £ M T n F, as in the 
proof of Lemma 6.3 of [31]. The remainder of the proof is divided into two cases, as in •671 : 

(1) dimT/v]-^ 1 ]:!;)) = 0; and 

(2) dimT^v (it 1 (x)) = 1. 

In the first case one shows that TV is the fixed point component of some subtorus I'cl 
with 2dim(T') = codim(TV) and hence TV is a torus manifold. As it is the fixed point 
component of some subtorus it is totally geodesic and hence admits a metric of almost non¬ 
negative curvature and satisfies Condition F. One can also show that TV is simply connected, 
hence TV is locally standard by induction hypothesis. It follows that the T-actions on D(N) 
and D{F) are locally standard which implies that M is locally standard and the Theorem 
is proven in case (1). 
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In the second case one shows that N/X(F) is locally standard using the fact F is locally 
standard. Here A (F) is the circle subgroup of T which fixes F. Again M is locally standard 
in a neighborhood of N as well as in a neighborhood of F, so M is locally standard and the 
Theorem follows in case (2). 

□ 


5. General lower bound for free rank and almost maximal is maximal 

In this section we will establish two important facts about torus actions. We will first find 
a lower bound for the free rank of an isometric, effective torus action on a closed Alexandrov 
with a lower curvature bound and then we will show that for closed, simply-connected, non- 
negatively curved manifolds an almost maximal action is actually maximal. 


5.1. Lower bounds for the free rank. In order to establish the lower bound for the free 
rank, we first need the following proposition, which establishes the existence of a T k fixed 
point when the torus actions has no circle subgroup acting almost freely. 

Proposition 5.1. Let T k act isometrically on X n , a closed n-dimensional Alexandrov space 
with a lower curvature bound. Suppose that every circle subgroup has a nonempty fixed point 
set, or equivalently, no circle subgroup acts almost freely. Then T k has a fixed point. 

The proof is a slight modification of the proof of Lemma 3.8 of Harvey and Searle [25] , 
Since it is short, we repeat it here for the sake of completeness. 

Proof. Consider an infinite cyclic subgroup G = (g) of a dense 1-parameter subgroup of T k . 
Then G fixes some point Xq £ X since the dense 1-parameter subgroup does by hypothesis. 
Now consider a sequence of infinite cyclic subgroups Gi such that the distance between 
the generators gi and the identity element of the torus converges to 0. The corresponding 
sequence of fixed points X{ £ X n then converges to a fixed point x £ X of T k . □ 


The following proposition establishes a lower bound of the free rank of a general torus 
action. 

Proposition 5.2. Let T k act isometrically and effectively on X n , a closed Alexandrov space 
with a lower curvature bound, with k > |fn + 1)/2J. Then the free rank of the T k action is 
greater than or equal to 2k — n. 

Proof. Let T l C T k be the largest subtorus that acts almost freely, and suppose that 
l < 2k — n. Then T k ~ l = T k /T l acts on X n ~ l = X n /T l , a closed Alexandrov space with 
the same lo wer curvature bound, and no circle subgroup of T k ~ l acts almost freely on X n ~ l . 
By Lemma 5.1 there is a point p £ X n ~ l fixed by T k ~ l . A connected component of the 
inverse image in X n of this fixed point corresponds to an orbit of T k with isotropy subgroup 
isomorphic to T k ~ l . So, there is an action of T k ~ l on the unit normal space of directions 
to this orbit, Yip. Since Yp is itself a closed Alexandrov space of dimension n — l — 1 with 
curvature bounded below by 1, and since l < 2k — n, it follows that 

n — l 


k — l > 




2 “ L 2 

However, the Maximal Symmetry Rank Theorem for positively curved Alexandrov spaces 
in [28] states that for a rank j torus-action on X m , as is also true in the manifold case, 
j < [(m + 1)/2J. But then, 

. , i n — l. 

k~l< L^—J, 


a contradiction. Hence the bound holds. 


□ 
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The following corollary follows directly from Proposition |5.1| and Proposition |5.2| com¬ 
bined with Corollary 6.3 of Ch. II of Bredon [3|. 

Corollary 5.3. Let T k act isometrically and effectively on M n , a closed, simply-connected, 
non-negatively curved Riemannian manifold. Suppose that the free rank of the action is equal 
to 2k — n. Then, the following hold: 

(1) If the free dimension is equal to the free rank, then the quotient space, M 2n ~ 2k = 
M n /T 2k ~n, admits aT n ~ k action and is a closed, simply-connected, non-negatively 
curved torus manifold. 

(2) If the free dimension is not equal to the free rank, then the quotient space, X 2n ~ 2k = 
M n /T 2k ~ n , admits aT n ~ k action and is a closed, simply-connected, non-negatively 
curved (in the Alexandrov sense) torus orbifold. 


5.2. Almost Maximal Is Maximal. In Theorem |5.4| below, we will now establish on 
closed, simply-connected, non-negatively curved manifolds that an almost maximal action 
is actually maximal. As mentioned in the Introduction, having proven Theorem 5.4 it then 
follows that in order to prove Theorem A it suffices to consider the case where the action 
is maximal. 


Theorem 5.4. Let T k act isometrically, effectively and almost maximally on M n , a simply- 
connected, closed, non-negatively curved Riemannian n-manifold. Then the action is max¬ 
imal. 


Before we begin the proof of Theorem |5.4[ we first need the following Lemma. 

Lemma 5.5. il2j Let M be a manifold with rk(Hi(M]Z)) = k, k £ Iff. If M admits a 
disk bundle decomposition 

M = D(N 1 )U E D(N 2 ), 

where N\, N 2 are smooth submanifolds of M and Ni is orientable and of codimension two, 
then both rk(Hi(Ni;Z)) and rk{H\{N 2 \Z)) are less than or equal to k + 1. 

Here rk(G) denotes the number of Z factors in the finitely generated abelian group G. 


Proof. It follows from the Mayer Vietoris sequence of the decomposition and the simple- 
connectivity of M that the following sequence is exact 

(5.1) HffE) -> Hi(iVi) ®HffN 2 ) Z fe ® V -> 0, 


where T is a finite abelian group. Since £ is a circle bundle over N\, it follows from the 
Gysin sequence for homology that rk(Hi(E)) < l+i'k(Hi(Ni)). The same statement follows 
for rk(Hi(N 2 )) since E is either a circle or sphere bundle over N 2 . Using these facts and 
the exactness of the sequence in Display (5.1), it follows that 

rk (HffNf)) + Tk(H 1 (N 2 )) < i-k(H 1 (E)) < Tk(H 1 (N 1 )) + 1, 


rk + rk (HffN 2 )) < rk (HffE)) < rk+ 1, 
and the lemma is proven. □ 

Proof of Theorem \5.f\ Suppose that there is an orbit of dimension 2k — n + 1 = m. The 
isotropy subgroup of this orbit is of rank k — m = n — fc — 1. Consider the action of the 
rpn—k—i Qn un }t normal S 2n ~ 2k ~ 2 . Observe that the isotropy action is maximal and 
of maximal symmetry rank. Hence there is a codimension two submanifold, N n ~ 2 , of M n 
fixed by some circle subgroup of the isotropy subgroup T n ~ k ^ x and there is an induced 
action of T k ~ 1 on N n ~ 2 , of cohomogeneity n—k — 1 = k — m. That is, M n is S' 1 -fixed point 
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homogeneous and in fact, it is nested S' 1 -fixed point homogeneous and there is a nested 
tower of fixed point sets containing the smallest orbit T m , as follows: 


T m c N m+l c • • • c N n ~ 2 c r, 

and T m and N m+1 are both fixed by T k ~ m . Note that since M n is nested 5' 1 -fixed point 
homogeneous, each N l is a no n-negatively curved S^-fixed point homogeneous manifold. 
So it follows by Theorem 2.20 that each N l admits a disk bundle decomposition as in the 
statement of Lemma 15.51 


The induced action of T m on N m+1 is by cohomogeneity one. We claim that the action 
must have circle isotropy. If it does not, then by the classification of cohomogeneity one 
torus actions (see BU. m, SB]), N m+1 is equivariantly diffeomorphic to T m+1 and has 
first integer homology group Z m+1 . However, applying Lemma |5.5| m times, we see that 
the number of Z factors in Hi(N m+1 -Z) must be less than or equal to m. 

Thus there is an orbit with T k ~ m+1 isotropy and the smallest dimensional orbit must 
have dimension in — 1 , a contradiction. □ 


6. The Proof of Theorem A 

We first give a brief outline of the proof of Theorem A. We have shown in Theorem |5.4| 
that an almost maximal action is actually maximal for this class of manifolds, so we only 
need to prove Theorem A for maximal actions, that is, when the free rank is equal to 2fc — n. 

To prove the equivariant classification we split the proof into two cases: Case (1), where 
the free dimension equals the free rank, and Case (2), where the subtorus corresponding 
to the free rank acts almost freely but not freely. In both Case (1) and Case (2) there are 
two further subcases: Subcase (a), where the rank of the action is equal to the number of 
facets of the orbit space M n /T k and Subcase (b), where the rank of the action is strictly 
less than the number of facets of the orbit space M n /T k . 

In Cases (la) and (lb), we show that the quotient of M n by the freely acting subtorus, 
M n /T 2fc_n , is a torus manifold of non-negative curvature and the result will follow in each 
case by Corollary 6.2 and Corollary 6.4 respectively. For Case (2), the quotient of M n is a 
torus orbifold of non-negative curvature. In Case (2a), we use Proposition 3.11 to show that 
M n is equivariantly diffeomorphic to an n-dimensional manifold M which admits a freely 
acting torus of rank 2k — n, such that M/T 2k ~ n is a torus manifold admitting a family of 
metrics with almost non-negative curvature and the quotient M/T k is weight-preserving 


diffeomorphic to M/T k . By Theorem 2.23 we see that the torus manifold M/T 2k n is 


locally standard and then we can once again use Theorem |6.2| to obtain the result. 

For Case (2b), one can show that there is a closed, principal T l bundle over M n 1 with 
simply-connected total space, N n+l , admitting a T z+fc -invariant family of metrics of almost 
non-negative curvature and such that the rank of the torus action on N is equal to the 
numb er of facets of the orbit space M n /T k = jV n+z /T fe+i . We then appeal to Proposition 
3.11 as in Case (2a), to find N such that N/T 2k+l ~ n is a torus manifold admitting a family 


of metrics of almost non-negative curvature and proceed in a similar fashion as in Case (2a). 

6.1. Proof of Case (1) of Theorem A. Recall that we assume here that the free dimen¬ 
sion of the torus action is equal to the free rank. As detailed above, we will break the proof 
into two cases as follows. 


6.1.1. Case (la): The number of facets of M/T is equal to the rank of the torus 
action. Part (1) of Corollary 5.3 tells us that the quotient of M by the free action is a 


torus manifold, that is, M is a principal torus bundle over a torus manifold. We will show 
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in this subsection that M is equivariantly diffeomorphic to the corresponding moment angle 
manifold of the simple polytope P = M 2n ~ 2k /T n ~ k = M n /T k . 

We will change super-indices for the following theorem to simplify its statement. We 
assume that the manifold N is of dimension 2n + p, admits a T n + P action a nd i s a T p 
principal bundle over the torus manifold M 2n . We will first show in Theorem 6.1 that if 
the number of facets of the simple polytope P n = N 2n+P /T n+P is equal to m = n+p, then 
N is equivariantly diffeomorphic to the moment angle manifold Zp. 


Theorem 6.1. Let N n+m be a simply connected principal T rn ~ n -bundle over M 2n where 
M 2n has a locally standard, smooth T n action with orbit space P n , where P n is an acyclic 
manifold with acyclic faces, with m facets. Then N n+m is equivariantly diffeomorphic to 
the moment angle manifold Zp. 


Proof. The proof is based on work by Davis 0. Let N n+m be a principal T m "-bundle 
over M 2n . Such bundles are classified by homotopy classes of maps of M 2n into BT m ~ n , 
denoted by [M 2n , BT m ~ n ], But 

[M 2n ,BT m ~ n } 9* [M, BS 1 } x ... x [M, BS 1 ] ^ H 2 (M 2n ; Z). 

By the short exact sequence in Display (2.1) we know that H 2 (Mt) —>• H 2 (M) is onto, 
hence so is [M T , BT m ~ n ] —» [M,BT m ~ n ]. Thus any principal T m_n -bundle over M 2n is 
the pull-back of a principal T m_n -bundle over Mp. Note that this statement also holds for 
subgroups H of T m ~ n . Using a result of Hattori and Yoshida {3DJ, this implies that the 
Traction on M 2n lifts toaTx T m " n -action on N n+m . Now let L, C T" x T m ~ n = T m 
be the isotropy subgroup at a point in the interior of a facet iq. 

To get a T m action on N that is modeled on the standard representation we will need 
the homomorphism T m —> T n x T m ~ n = T m that takes the coordinate circles T t to Li to 
be an isomorphism. In general if we have given a collection L i, • • • , L m of circle subgroups 
of T x H = T n x T m ~ n = T m , we say that the Li span T x H if the homomorphism 
T m —> T n x H that takes X) to Li is an isomorphism. 

We now use Lemma 6.5 of Davis [8] which says that the Li span T n x H if and only 
if Hi(N) = 0. Since N is simply connected by assumption, we obtain that the Li span 
T" x T m ~ n which implies that N is modeled on the standard representation. By [M] we 
know that we can assume that all faces of P n are contractible, hence the bundle of principal 
orbits is trivial. We can now apply Proposition 6.2 of (8) to conclude that N is equivariantly 
diffeomorphic to the moment angle manifold Zp. The following diagram illustrates this case. 


/T m 


jyn+ra ~ > ^n+m 



pn 


□ 


Lemma 2.23 in |64| tells us that a closed, simply-connected, non-negatively curved torus 


manifold is locally standard and thus allows us to apply Theorem |6.1| to the case at hand. 
We may then reformulate Theorem |6.1| for the special case where the principal torus bundle 
is non-negatively curved. 
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Corollary 6.2. Let N n+rn be a closed, simply-connected, non-negatively curved principal 
T m ~ n -bundle over M 2n , where M 2n is a torus manifold with orbit space P n as in Dis¬ 
play (2.2), with m facets. Then N n+m is equivariantly diffeomorphic to the moment angle 
manifold Zp, which is itself a product of spheres. 

6.1.2. Case (lb): The number of facets is strictly greater than the rank of the 
torus action. Here we consider the case where the number of facets of P n = M/T is 
strictly greater than the rank of the torus action. In Theorem |6.3| we will show that with 
this hypothesis N is equivariantly diffeomorphic to the quotient by a free, linear torus action 
of Zp. We will once again change super-indices to simplify the statement of the theorem. 

Theorem 6.3. Let N 2n+P be a simply connected principal T p -bundle over M 2n where 
Ad 2n has a locally standard, smooth T n action with orbit space P n , where P n is an acyclic 
manifold with acyclic faces, with m facets and with p < m — n. Then there is a smooth 
principal T m ~ n ~ p - bundle ir : Y —> iV 2n+p an d jfy is simply connected, it is T m - equiv¬ 
ariantly diffeom.orphic to the moment angle manifold Zp. Hence N 2n+P is diffeomorphic to 
Z P /T m ~ n ~P. 


Proof. Let Y be a principal T m n ^-bundle over N. Such bundles are classified by homo- 
topy classes of maps of N into BT m ~ n ~ p , hence by [N, BT m ~ n ~ p ]. But 


[. N,BT m - n ~ p ] S [N, .BiS 11 ] x ... x [N, BS 1 } S ®Vff[ n ~ p H 2 {N; Z). 

Since N is a principal T p -bundle over M 2n , and H 2 (M 2n ) = Z m_n , (see for example 
Theorem 7.4.35 in 0), using the Leray-Serre spectral sequence or the homotopy sequence 
for the bundle we obtain that iJ 2 (7V;Z) contains Z m ~ n ~ p as a subgroup. We now use the 
fact that Y is a T m_n -principal bundle over M 2n since in the category of finite dimensional 
manifolds the composition of two principal bundles is again a principal bundle (see, for 
example, EDJ). This means that we are now in the setting of Theorem |6.1| if Y is simply 
connected. Hence Y m+n is equivariantly diffeomorphic to the moment angle manifold Zp 
as claimed. The following diagram illustrates this case. 


^n+m 



□ 


As in Case (la), we now apply Theorem 6.3 to the case of a closed, simply-connected, 
principal T p -bundle admitting a family of metrics of almost non-negative curvature over 
M 2n , where M 2n is a torus manifold with non-negatively curved orbit space P n and this 
principal bundle satisfies Condition F. We obtain the following corollary of Theorem |6.3| by 
applying Theorem |4.4| 
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Corollary 6.4. Let N 2n+P be a closed, simply-connected, principal T p -bundle admitting 
a family of metrics of almost non-negative curvature over M 2n , where M 2n is a torus 
manifold with non-negatively curved orbit space P n as in Display (2.2), with m facets with 
p < m — n and N 2n+P satisfies Condition F. Then there is a smooth principal T m ~ n ~ p - 
bundle i r : Y —> jg 2n +p _ Further, if Y is simply connected, then it is T m -equivariantly 
diffeomorphic to the moment angle manifold Zp, which is itself a product of spheres. Hence 
N 2n+P is diffeomorphic to Zp/T m ~ n ~ p . 

We note that we may state Corollary |6.2| for this class of manifolds as well, but do not, 
as we will not need it here. We are now ready to prove Case (1) of Theorem A. 


Proof of Case (1) of Theorem A. We must show that given an isometric, effective, maximal 
rank k torus action, M n is equivariantly diffeomorphic to a product of spheres of dimension 
greater than or equal to three, with the additional hypothesis that the free dimension is 
equal to the free ran k. 

By Corollary 5.3 it follows that M 2n ~ 2k = M n /T 2k ~ n admitting a T n ~ k action is a 
closed, simply-connected, non-negatively curved torus manifold. Now if P = M 2n ~ 2k /T n ~ k 
has k facets, then we may apply Corollary |6.2[ If it has strictly greater than k facets, we 
may apply Corollary 6.4 to obtain the result. Hence Case (1) is proven. 

□ 


6.2. The proof of Case (2) of Theorem A. In this section we will prove Case (2) of 
Theorem A, n amely when the free dimension does not equal the free rank. Recall that by 

i j'j~'2k—n _ ^2n—2k 


Corollary 5.3 


M n 


T 2n 2k isometric action. 


is a non-negatively curved torus orbifold admitting a 


Observation 6.5. Let M be a closed, rationally elliptic manifold admitting an effective, 
isometric almost free torus action. Then M/T is a closed, rationally elliptic orbifold. 

The simple-connectivity of M/T follows directly from [3j . The torus action on M induces 
a fibration, T —» M — > M/T, and the long exact sequence in homotopy tells us that 
7 Ti(M) = 7 Ji(M/T) for alii > 3 and then we have 

0 -4 7r 2 (M) -4 tt 2 (M/T) -> tti(T) -4 0. 

Since the quotient space is closed, the condition on the cohomology groups is automatically 
satisfied. 


6.2.1. Case (2a): The number of facets of M/T is equal to the rank of the 
tor us action. Applying Theorem |2.24[ we see that M n is rationally elliptic. By Lemma 


6.5 


M n /T' 


'2k—r 


= x 


2n—2k 


is a simply-connected, non-negatively curved, rationally elliptic 
in [TS| , it follows that P = M/T is of the 


torus orbifold. Using the proof of Theorem 2.19 
form as in Display (2.2). 

By Lemma |3.9[ we see that all singular isotropies are connected 


all singular orbits 

correspond to boundary points on M/T and all other orbits are principal. It follows by 
the Equivariant Cross Section ing T heorem |3.1| that a cross section for the action on M 
exists. Further, by Proposition 3.1l[ it follows that M is equivariantly diffeomorphic to M, 
a closed, simply connected non-negatively curved (with the pullback metric) Riemannian 
manifold admitting an isometric, effective action of T k with free dimension 2k — n. This in 
turn tells us that M 2n ~ 2k = M/T 2k ~ n is a torus manifold of non-negative curvature and 
such that P = M/T is of the form as in Display (2.2). 

The following diagram illustrates this case. 
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M n 


/T k 



M n -=-»- Z pn - k 



M 2n-2k 

j T n-k 

^ pn—k 


6.2.2. Case (2b): The number of facets of M/T is strictly greater than the rank 
of the torus action. Let k +1 = r, with l > 0 be the number of facets of P. As in Case 
(2a), M n /T 2k ~ n = x 2n ~ 2k is a simply-connected, non-negatively curved, rationally elliptic 
torus orbifold and P = M/T is of the form as in Display (2.2). 

In particular, using the long exact sequence in homotopy, this tells us that H 2 (M n ; Z) 
is isomorphic to Z l . Note that principal T z -bundles over M are classified by l elements 
Pi £ H 2 ( M ; Z). Here each /3j can be described as the Euler class of the oriented 
circle bundle N/T l ~ l —»• M where N is the total space and T i_1 C T l is the subtorus with 
the *-th S'Afactor deleted. It follows that there exists a T-principal bundle over M n with 
total space N n+I , a closed, simply-connected Riemannian manifold. Further by Theorem 
2.27 N n+l admits a family of almost non-negatively curved metrics and by construction, 


its quotient space is non-negatively curved and N n+l satisfies Condition F. 

As in Ca se (2a ), using Lemma 3.9 the Equivariant Cross Sectioning Theorem |3.1| and 
Proposition 3.11 it follows that is equivariantly diffeomorphic to N n+l and N n+l 

admits an isometric and effective T k+l -&ction with free dimension equal to 2k + l — n. 
Moreover, N n+l (with the pullback metric) admits a family of almost non-negatively curved 
metrics, its quotient space is non-negatively curved and N n+l satisfies Condition F. Hence 
M 2 n- 2 k _ pjn+i jj^ 2 k+i-n j g a ^ orus manifold admitting a family of almost non-negatively 
curved metrics, with non-negatively curved quotient space, satisfying Condition F. 

The following diagram illustrates this case. 



We are now ready to prove Case (2) of Theorem A. 
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Proof of Case (2) of Theorem A. We must show that given an isometric, effective, maximal 
rank k torus action, M n is equivariantly diffeomorphic to a product of spheres of dimension 
greater than or equal to three. 

In case (2a), M 2n ~ 2k is a torus manifold of non-negative curvature, and in case (2b), 
M 2n ~ 2 k is a torus manifold admitting a family of almost non-negatively curved metrics, 
with non-negatively curved quotient space, and satisfying Condition F. 

Thus, in case (2a) we may apply Corollary 6.2 to show that M is equivariantly diffeomor¬ 


phic to the moment angle manifold Zp as in Display (2.3) and hence M itself is equivariantly 
diffeomorphic to Zp as desired. 

to conclude that M 2n ~ 2k is the quotient 


Likewise, in case (2b), we can apply Corollary 


6.4 


of a free torus action on N n+l , which in turn is equivariantly diffeomorphic to the moment 
angle manifold Zp. Since N n+l is equivariantly diffeomorphic to N n+l , by commutativity 
of the diagram, we can then conclude that M is equivariantly diffeomorphic to the quotient 
of a free torus action on the moment angle manifold Zp, a product of spheres of dimensions 
greater than or equal to three. 

It remains to show that the T l action is linear. The following diagram illustrates the 
proof. Use the cross-sections C\ and c-i to construct a diffeomorphism from M n to M n . 
Then M n = M n = Zp n _ k /T l and T l is a free linear action since it is sub-action of the free 
linear action of T 2k ~ n+l on Zp n _ k . 


N n+l -=- N n+l ---^ Zp„- fc 



□ 


7. The Proofs of the remaining results 

We now present proofs of Corollary B and Proposition D. We begin with a proof of 
Corollary B. 

Proof of Corollary B. Note that while we can simply appeal to results in m to prove the 
upper bound on the rank, we will give a constructive proof, as it is straightforward and 
quite simple. 

We assume then that k = |_2n/3j + s, with s > 0 to obtain a contradiction. Since 
the action is maximal, the free rank is equal to 2 k — n and in particular, we see that 
pr 2 n- 2 k _ ypn jjOM-n j g a torus orbifold. By Theorem A, M n is equivariantly diffeomorphic 
to the free linear quotient by a torus of a product of spheres of dimension greater than three. 
This product of spheres can have dimension at most 3ra — 3 k. In particular, n must be less 
than or equal to 3n — 3 k. However, a simple calculation shows that for s > 1, 

3n — 3fc < n + 2 — 3s < n, 

which gives us a contradiction. Hence k < [2n/3j, as desired. □ 
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We now proceed to prove Proposition D. 


Proof of Proposition D. We first recall the following lemma and corollary from Ell- 

Lemma 7.1. [2T Let T n act on M n+3 , a closed, simply-connected smooth manifold. Then 
some circle subgroup has non-trivial fixed point set. 


Corollary 7.2. [2T Let M n+3 be a closed, non-negatively curved manifold with an isometric 
T n action. Suppose that M* = S 3 and that there are isolated T n_1 orbits. Then there are 
at most four such isolated T™ -1 orbits. In particular, if n> 7, then there are none. 


Lemma [7J] tells us that a cohomogeneity three torus action on a closed, simply-connected 
manifold must have isotropy subgroups of rank at least 1. An effective cohomogeneity k 
torus action can have isotropy subgroups of rank at most k, and an action with isotropy 
T k or T k ~ 3 will be maximal or almost maximal, respectively. In order to prove that a 
cohomogeneity three action must be maximal or almost maximal, it suffices to show that 
there can be no action with only isolated circle isotropy. 

Recall from Corollary 4.7 of Chapter IV of j3] that the quotient space, M* , of a cohomo¬ 
geneity three G-action on a compact, simply-connected manifold with connected orbits is a 
simply-connected 3-manifold with or without boundary. Note that when there is only iso¬ 
lated circle isotropy for a cohomogeneity three torus action, the quotient space will not have 
boundary and thus, by the resolution of the Poincare conjec ture (see Perelman [4511501 1511 ). 
we have that M* = S 3 . Therefore, we may apply Corollary 7.2 and Proposition D follows. 

□ 
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